Many-body systems undergoing quantum phase transitions reveal substantial growth of non-classical correlations between different parties of the system. This behavior is manifested by characteristic divergences of the von Neumann entropy. Here we show, that very similar features may be observed in one-dimensional systems of a few strongly interacting atoms when the structural transitions between different spatial orderings are driven by a varying shape of an external potential. When the appropriate adaptation of the finite-size scaling approach is performed in the vicinity of the transition point, fewfermion systems display a characteristic power-law invariance of divergent quantities. arXiv:1909.08949v2 [cond-mat.quant-gas] 
I. INTRODUCTION
Since the famous paper by Bell [1] and its subsequent experimental confirmation [2] properties of non-classical correlations (quantum entanglement) and its existence in different quantum systems have been studied extensively. From the theoretical point of view, the importance of entanglement comes mainly from the fact that it is recognized as one of the key resources for efficient quantum computations and the quantum information processing [3] . Experimentally, due to existing experimental possibilities, these studies are mainly focused on properties of entangled photons [4] , ultra-cold atomic systems [5] , or correlated spintronic systems [6] . Properties of the quantum entanglement have also fundamental importance when interacting many-body systems close to quantum phase transitions are considered [7] . Almost 20 years ago it has been shown that non-classical correlations between different parties of a many-body system undergoing quantum transition rapidly change, i.e., structural changes of the many-body state in the vicinity of the transition point are accompanied by characteristic divergences of the von Neumann entropy quantifying quantum entanglement [8] [9] [10] [11] [12] [13] . This observation was recently utilized to produce entanglement on-demand in a deterministic way by driving the system through the transition [14] . Not only coherent engineering and control of entanglement in the systems encounter difficulties and is a quite complex procedure, but also measuring is very demanding. It should be emphasized, that direct methods of measuring many-body entanglement are usually very complex and utilize a large number of resources [15] [16] [17] [18] . However, some indirect ways to determine multi-particle entanglement through susceptibilities are theoretically proposed [19, 20] .
Quantum transitions are typically understood as divergent changes in the ground-state of many-body systems in the thermodynamic limit, i.e., when the system's size (number of particles, spatial width, etc.) tends to infinity along with intensive parameters keeping fixed. A typical example is an infinite chain of locally coupled spins in a transverse magnetic field. In the vicinity of the transition point, any finite-size chain behaves analytically but some quantities change more rapidly for longer chains. Appropriate scaling shows that in the limit of the infinite size of the system these quantities are exponentially divergent with well established critical exponents. Microscopic explanation of such behavior is served in the framework of the renormalization group theory [21] . All it means that by studying properties of finite-size chains with growing sizes, one performs appropriate extrapolation of obtained results and try to establish appropriate relations for the system being in the thermodynamic limit.
In fact, the limit in which critical behavior of the manybody system is manifested by divergent quantities is related to the number of accessible microscopic configurations rather than its spatial sizes or number of particles. It means that the critical behavior can be also considered in systems containing a finite number of particles allowed to occupy an infinite number of configurations. For example, as recently argued in [22] , strongly interacting systems of a few ultra-cold fermions of different mass confined in one-dimensional traps may undergo critical transitions when external trapping is adiabatically changed. In these cases, the thermodynamic limit (infinite number of accessible configurations) is achieved by the limit of infinite repulsions. Simply, in this limit, an infinite number of fundamentally different Fock states essentially contribute to the ground state of the system. As shown in [22] , in this limit the ground state undergoes a transition between different spatial distributions of components. This behavior is manifested by divergences of the second moment of the magnetization (the difference between density distributions of the heavy and light component).
In this paper, we aim to shed some additional light to mentioned transition in few-fermion systems by analyzing potential divergences of non-classical correlations. In this way, we want to draw a much closer analogy between critical transitions in systems containing a finite number of particles (but having infinitely many configurations accessible) with standard quantum phase transitions occurring in systems of infinite sizes. Since fewfermion systems of equal mass atoms has been engineered almost for a decade [23] [24] [25] and there are experimental setups where mass-imbalanced fermionic mix-tures with a large number of particles are realized [26] [27] [28] [29] [30] , we believe that the path of exploration proposed here may be important when the next generation of experiments of mass-imbalanced few-fermion mixtures will be performed [31, 32] .
Our work is organized as follows. In Sec. II we describe the system under consideration. Continuing this introduction, in Sec. III, to make a whole story as clear as possible, we shortly recall previous results on critical transition in few-fermion systems. In Sec. IV and Sec. V, focusing on particularly chosen examples of Rb-K fermionic mixtures, we analyze critical transition in terms of the single-particle and the inter-component entanglement entropies, respectively. Then in Sec. VI, we explain that discussed critical transition and behavior of entanglement entropies in its vicinity are very generic behavior of few-fermion mixtures, independently on a mass difference, number of particles and their distribution between components. Finally, we conclude in Sec. VII. At this point, we want also to emphasize that all results presented in this work should be considered together with accompanying supplementary material [33] , where results complementary to the results presented in the main text are displayed. Just for clarity of the discussion, we move these additional results out of the main text.
II. THE SYSTEM STUDIED
In this paper we study the ground-state properties of a two-component mixture of a few ultra-cold fermions of mass m σ (σ ∈ {A, B} indicates the component) confined in a one-dimensional trap with varying shape. The Hamiltonian of the system in the second quantization formalism has a form
where g is the effective interaction strength between opposite component particles andΨ σ (x) is a fermionic field operator annihilating a particle from the component σ at position x. It obeys standard fermionic anticommutation relations
Note that the Hamiltonian (1) commutes independently with operators of number of atomsN σ = dxΨ † σ (x)Ψ σ (x). Therefore, properties of the ground state can be studied independently for given numbers of atoms in both components N A and N B . Here, to make a whole analysis as clear as possible, we focus on the problem of N A + N B = 4 particles with different distributions between the components. However, generalization to higher number of particles is straightforward.
To find the many-body ground state |G of the Hamiltonian (1) we perform straightforward diagonalization of its matrix representation in the Fock basis of noninteracting system. For a given external confinement V σ (x), the Fock space is constructed from K the lowest single-particle eigenstates of the corresponding singleparticle eigenproblem for each component σ
which can be easily solved numerically with resulting single-particle eigenenergies E i (x), respectively. A numerical convergence is obtained by increasing the cut-off K and checking the ground-state fidelity. In this work we focus only on repulsive interactions (g > 0) and our aim is to study quantum correlations between interacting components induced by a varying shape of an external confinement.
III. THE TRANSITION
It was argued recently in [34] , that in the case of a different mass of particles (m A = m B ) and whenever the interaction strength g is strong enough, one observes a characteristic spatial separation of components which is manifested in properties of the many-body ground state of the system |G . One of the most visible footprints of this separation is present in the density profiles (normalized to the number of particles) of the components
Namely, the profile of one of the components is split into two parts and it is push-out from the center of the trap, while the second component's profile remains localized in the center. Interestingly, depending on the details of the external confinement, the separation is induced in the component of lighter or heavier particles. For example, in the case of harmonic confinement, the lighter component is pushed out from the center [34] . Contrary, in the case of flat box potential, lighter particles remain in the center while the heavier component is separated. Consequently, by an adiabatic change of the shape one observes the transition between different spatial orderings which are nicely manifested by a rapid change of the second moment of the magnetization, M(x) = n A (x)−n B (x) [22] . It was shown, that the transition becomes more rapid when interaction strength is enhanced. By applying appropriate scaling in the vicinity of the transition point it was argued that in the limit of infinite repulsions the transition has properties similar to the second-order phase transitions. It is worth noticing however that the similarity to standard phase transitions is highly indirect since the system studied contains always a finite number of particles and its spatial size is far from the macroscopic. In the case studied, the ther- . For λ = 0 harmonic confinement (cropped at |x| = L) with frequency Ω is restored. In the limit λ → ∞ the trap is equivalent to the box of the length L.
modynamic limit is mimicked by the limit of infinite interactions rather than the size of the system. All details of this analogy are explained in [22] .
Here, we want to significantly extend previous results and perform detailed quantitative studies of this transition from the quantum correlations point of view. We also want to answer the question if the transition's properties qualitatively depend on the protocol the shape is changed. To address these two issues in the following we consider a general scenario of switching the confinement from the harmonic trap of frequency Ω to the flat box trap of width 2L as following
where the function f (λ) (in general position-dependent) is chosen in such a way that it smoothly and monotonically changes (for each position x independently) from 1 to 0 when the dimensionless parameter λ is tuned from 0 to ∞. In the following, we consider two different complementary scenarios of such switching. In the first, similarly as was done in [22] , we simply assume that the function f (λ) does not depend on particles' positions and it has a form f 1 (λ) = (1 + λ 2 ) −1 . It means that for any λ the shape of the confinement remains parabolic in the middle of the trap and only its frequency is changed.
In the second scenario the harmonic part is turned off by the substantial change of its shape and the function f (λ) depends on positions. Motivated with recent experiments in which the flatness of the trap is bounded by a power function [35] [36] [37] [38] [39] , we model this protocol assuming that f 2 (λ) = |x/L 0 | λ , with some well defined L 0 > L.
In fact, L 0 determines how fast the confinement changes between limiting cases. To build some intuition, in Fig. 1 , we display shapes of the trap for several different values of λ for both scenarios considered. In Fig. S1 of the supplementary material [33] we present corresponding single-particle spectra as function of parameter λ.
For convenience, in further considerations, we express all quantities in natural units of the A-component harmonic oscillator, i.e., we express all energies, lengths, and momenta in Ω, /m A Ω, and √ m A Ω respectively. Thus, the coupling constant is scaled by a factor of 3 Ω/m A . In these units dimensionless masses are µ A = 1 and µ B = m B /m A . To keep correspondence with the previous results presented in [22] we set L = 3.5 and L 0 = 5 in these units.
IV. SINGLE-PARTICLE CORRELATIONS
To give some better understanding of the properties of the system for different confinements λ let us first focus on the ground-state properties of a system with N A = 3 and N B = 1 particles confined in the trap described by the function f 1 (λ). In Fig. 2 we present different singleparticle properties for quite strong repulsions g = 5 and reasonable mass ratio µ B = 40/6 corresponding to Li-K fermionic mixture. In Fig. 2a single-particle density profiles n σ (x) for the lighter and heavier component are presented (thin green and thick blue lines, respectively). As it is seen, depending on the shape of the trap, the lighter (7) as a function of the shape of external trapping for the same system as in Fig. 2 . Note that with appropriate scaling results obtained for different interactions collapse to the same universal curve (right panel). See the main text for details. For other distributions of particles see Fig. S3 in the supplementary material [33] .
or the heavier component is split and pushed out from the center. It is clearly seen that in the harmonic potential (λ = 0) the separation is present in the light atoms component. Contrary, in the trap shape close to the uniform box potential (λ → ∞), the separation is induced in heavier atoms component. Note, that for some particular intermediate shape of the confinement (λ 0 ≈ 11.3) a specific transition between these two scenarios is present and characteristic oscillations in the density profiles appear. This transition in the structure of the many-body ground state induced by an adiabatic change of the external potential was studied recently in [22] . Much better understanding of this transition can be given when, instead of the single-particle density profile n σ (x), one considers a whole single-particle reduced density matrix defined straightforwardly as
Note that here, in contrast to (4), we normalize the density matrix to unity. This quantity is sufficient when any single-particle measurement is considered since it encodes not only all diagonal but also off-diagonal singleparticle correlations in any representation. In Fig. 2b and Fig. 2c we display the single-particle density matrix for both components for external confinement parameters λ corresponding to the density profiles displayed in Fig. 2a . Substantial changes of the single-particle density profiles are clearly visible for both components. Especially, in the case of the component containing N B = 1 particle (Fig. 2c ) the transition between limiting regimes is quite spectacular and it is manifested by strong offdiagonal correlations (middle plot). Moreover, even in the case of flat box potential (λ → ∞), when spatial separation of both components is clearly visible, the state of the single-particle component is obviously not a pure state, i.e., any outcome of the single-particle measurement performed on this component depends also on the state of the second component. This observation leads us directly to the conclusion that both components, due to their strong interactions, are entangled. The amount of these non-classical correlations between a particle from selected component σ and the rest of the system are encoded in the von Neumann entropies
where λ σi are the egienvalues of corresponding singleparticle reduced density matrices (6) obtained after performing their spectral decompositions
with η σi (x) being their natural single-particle orbitals.
Since in general particles belonging to opposite components have different masses, resulting entropies are different. In Fig. 3 (left panel) we present both entropies S σ as a function of the shape of the external confinement λ for the system of N A = 3 and N B = 1 particles and different interactions. As seen, the quantum correlations of the selected particle with the rest of the system are the strongest in the vicinity of the transition between different spacial orderings. This observation directly supports previously outlined analogy between the structural transition of the system and the quantum phase transitions of other quantum systems, since it is known that standard quantum phase transitions are very often accompanied with rapid changes of inherent correlations [8] . This analogy is even more evident when we consider the limit of infinite repulsions (g → ∞) which (as argued in [22] and discussed in Sec. II) mimics the thermodynamic limit where different thermodynamics quantities are divergent. Of course, the limit of infinite repulsions is beyond our numerical possibilities. However, to capture properties of the single-particle entanglement entropy S σ in this limit, we perform finite-size scaling assuming that in the vicinity of the transition the system poses some scaling invariance with some characteristic critical exponents ν and γ [22, 40, 41] . It means that for any interaction strength g the entropy can be expressed in terms of the unique (for a given number of particles and mass ratio) universal function S σ (ξ) as
where τ = (λ − λ 0 )/λ 0 is a normalized distance from the transition point λ 0 . Indeed, our numerical analysis fully confirms that there exist exactly one set of three parameters {λ 0 , ν, γ} for which all numerically obtained data points collapse to a single universal curve (see right column on Fig. 3 ). Although the data-collapse algorithm was performed independently for both entropies S A and S B , the resulting parameters are very close. This suggests that indeed, in the limit of infinite repulsions, the system undergoes a structural transition at λ 0 ≈ 9.88. This value matches the corresponding value in Fig. 2 obtained purely phenomenologically by an eye-detection of a change in the single-particle density profiles. We checked that very similar transition is present for any distribution of particles between components (see Fig. S3 in the supplementary material [33] ). However, the position λ 0 and critical exponents ν and γ crucially depend on this distribution as well as on the mass ratio µ.
V. INTER-COMPONENT CORRELATIONS
In the case of N A = 3 and N B = 1 particles discussed above, the single-particle entropy S B quantifies not only an entanglement between the particle and the rest of the system but in fact, it is also the entanglement entropy between components treated as a whole. This simple observation suggests that for any distribution of particles between components, probably not only the single-particle entropies are divergent in the vicinity of the structural transition but also the inter-component von Neumann entropy (quantifying entanglement between distinguishable components) has this property. To check it, we repeat all calculations for the system of N A = N B = 2 with the same mass ratio µ = 40/6. First, we introduce the reduced density operatorΓ σ for a component σ through a straightforward tracing out of all degrees of freedom of remaining component σ from the projector to the manybody ground-state,Γ σ = Tr σ |G G|. Then, we define the inter-component von Neumann entropy as
It should be pointed here that, in contrast to the singleparticle entanglement entropies S σ , the inter-component entanglement S quantifies only these correlations which are forced by mutual interactions and it vanishes in the case of the non-interacting system. Contrary, the singleparticle entropy defined by (7) are also sensitive to trivial correlations induced by the quantum statistics between indistinguishable fermions belonging to the same component [42] . From this point of view, both entropies (S σ and S) give complementary information and they quantify slightly different correlations. In Fig. 4 we plot the inter-component entropy S defined by (10) for different distributions of N A + N B = 4 particles between components (left panel) and their collapse to the unique universal curves after appropriate finite-size scalings defined with the exact analogy to (9) . It is clear, that this quantity has also required scaling invariance, i.e., in the limit of infinite repulsions it is divergent in the vicinity of the structural transition point. It should be also underlined that values of the critical shape parameters λ 0 predicted with this scaling are in full agreement with those predicted from behaviors of the single-particle entanglement entropies (compare with values provided in Fig. 3 and Fig. S3 in the supplementary material).
VI. UNIVERSALITY OF THE PHENOMENON
Finally, to expose that observed transition is a generic behavior of two-component mixtures in one-dimensional traps, let us shortly discuss similar systems with other parameters. First, we want to underline that the spatial separation of components is forced not only by mu-tual repulsions between particles as predicted in [43] but also by a mass difference [22, 34, 44, 45] . It is quite obvious when the system of an equal number of particles is considered, N A = N B . Then, in the equal mass case µ = m B /m A = 1, one finds exact symmetry between components. Therefore, their spatial distributions must be exactly the same independently on the interaction strength. Therefore, any spatial separation of the density profiles cannot be noticed. It is a matter of fact, that strength of mutual repulsions needed to force the system to separate depends on the mass ratio -larger mass ratios require lower repulsions to separate the system. In Fig. S4 of the supplementary material [33] we show how the transition is reflected in the behavior of the inter-component entanglement entropy for different mass ratio. Although quantitatively divergences near the transition point crucially depend on the mass ratio, qualitatively situation remains always the same.
Secondly, it should be also emphasized that the structural transition in the many-body ground state is a generic behavior of one-dimensional fermionic mixtures and it is always characterized by a divergent behavior of the entanglement entropy. This behavior is insensitive to details of the protocol of switching between different shapes. As one of the examples, in Fig. 5 we present corresponding results for the system of N A = N B = 2 fermions when the transition between harmonic and flat potential is described with the function f 2 (results for other distributions between components are presented in Fig. S5 of the supplementary material [33] ). It is clear that for any confinement besides the critically shaped trap the ground-state structure is well established -for strong enough repulsions the heavier or the lighter component is divided and pushed out, while the remaining component is located in the center. At the transition point, λ 0 the spatial structure is rapidly swapped and significant increase (divergence in the limit of infinite interactions) of inter-particle and inter-component correlations (quantified with entanglement entropies) is observed.
Finally, we want to mention that the structural transition described above is present also for the other number of particles and their distribution between components. In Fig. S6 of the supplementary material [33] we present results for some other exemplary systems with N = 6 particles. In all these cases the transition has exactly the same generic properties -lighter or heavier component is split for two extremal confinements and the rapid change between these structures is present when the potential is adiabatically changed through the critical confinement.
VII. CONCLUSIONS
We have analyzed the separation mechanism induced by varying shape of external confinement in the ground state of a two-component mixture of a few repulsively interacting fermions of different mass from the correla- tions point of view. We show that the transition between different orderings manifested spectacularly as a rapid change of component being separated is accompanied by rapid and significant increase of the entanglement entropy between components as well as entanglement entropy between selected particle and the rest of the system. By performing appropriate finite-size scaling analysis we show that in the vicinity of the transition point the system has some scale-invariance which is very similar to the scaling of many-body systems in the thermodynamic limit. However, in the case studied the infinite size is replaced by infinite inter-component repulsions. We argue that at the transition point, in the limit of infinite repulsions, both entropies are divergent which brings us closer to a mentioned analogy with many-body systems.
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